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Abstract—This paper presents a new derivation of LEO-to-
ground receiver channel model to address a clear gap in the prior
art: the lack of an appropriate geometry aware characterization
of non LOS (NLOS) link model represented by the power
spectral density (PSD). Specifically, the main contribution is a
coherent derivation of the PSD from 1st principles that is able to
reproduce results in prior art and explain the causal relationship
of main PSD features to the propagation geometry parameters.

Index Terms—NTN, LEO, channel modeling.

I. INTRODUCTION

The downlink satellite-to-ground (S2G) channel can be
classified into either of the two categories (pure NLOS vs
combination of LOS & NLOS)

hleo,dl(t, τ)

=


√

K
K+1hLOS(t) +

√
1

K+1hNLOS(t, τ) LOS-NLOS

hNLOS(t, τ) NLOS
(1)

where K > 0 represents the power ratio in the LOS com-
ponent relative to NLOS. Critically, both LoS and NLoS
channel components are a function of the elevation angle.
The LoS component captures the instantaneous Doppler shift
frequency due to satellite motion (manifests itself as a spike
in spectrum domain) while for NLoS components, the spatio-
temporal distribution of the (secondary) scatterers in azimuth
& elevation around the receiver determines the shape and
boundary of resulting power spectral density (PSD). LEO-
to-ground propagation is subject to rapidly changing Doppler
shifts due to significant (time-varying) relative motion of LEO
satellites in LOS conditions. Nia and Mark [1] developed
a detailed model to predict the instantaneous Doppler shift
as a function of time (equivalently, satellite location on its
trajectory).

The primary motivation for this work is to revisit model
based derivation of LEO S2G downlink channel1 to fill existing
gaps in understanding of causal relation between the prop-
agation/scattering geometry and resulting Doppler PSD for
non-LOS (multipath) scenarios. When the terrestrial receiver

1Hass [2] has adequately addressed the uplink scenario from a ground
node to an airborne platform that employs a directional antenna; the result-
ing stochastic channel power spectral density (PSD) have been thoroughly
examined.

is located close to built (i.e. urban/suburban location) or
other natural environments (trees/foliage) that act as potential
nearby obstructions, it leads to significant secondary scattering
as shown in Fig. 1 that determines the nature of resulting short
time-scale fading. Further, newer generation of LEO satellites
employ larger phased arrays onboard capable of downlink
beamforming that further impacts the spatio-temporal mul-
tipath delay profile experienced by a terrestrial client.

II. LITERATURE REVIEW & CONTRIBUTIONS

We briefly review how NLoS channel models in prior art
have accounted for multipath profile based on the eleva-
tion angle βele as in Fig. 1. Aulin [3] Janaswamy [4] and
Alsehaili et al. [5] all derive the PSD from first principles,
assuming a probability density function(PDF) of scatterers in
3D space. However, these are all targeted to near terrestrial
propagation from an elevated base station to ground users,
and is not applicable to the LEO satellite-to-ground (S2G)
scenario, where capturing the impact of scatterer geometry
around the ground user (receiver) as a function of the LOS
direction (or equivalently the elevation angle βele) in the
resulting is the primary concern. Aulin’s derivation assumes a
spherical scatter geometry, i.e. invariant with respect to βele,
while Janaswamy [4] assumes a 3-D volumetric geometry
of scatterers that varies with altitude and Alsehaili et al. [5]
ellipsoidal volumetric scattering models.

The prior art on non-terrestrial to ground models includes
Liu et al. [6] that presents a PSD approximation for various
elevation angles but without any derivation from first princi-
ples that provides insight into desired βele dependence. Zhao
et al. [7] derives the PSD for various azimuth and elevation
PDFs using a numerical approach that provides some useful
qualitative insight but a clear relationship between the PSD
and the LoS elevation angle is still missing. Newhall and
Reed [8] derive the joint PDF at a given elevation angle using
an ellipsoid scatter model for air-to-ground channel. While
relevant, this model is not directly applicable for a LEO-
to-ground scenario, as the distances between the transmitter
and receiver is significantly greater compared to the plane-to-
ground configuration.



In summary, there does not exist an adequate scatterer-
geometry inspired derivation of the S2G downlink channel
model.

III. PROPOSED DOPPLER PSD MODEL OF S2G CHANNEL

A. Propagation Model

This study investigates LEO S2G communication, with
typical orbital altitudes of 500 to 1500 km. To investigate the
multipath characteristics of the S2G channel, our proposed
model is based on the following assumptions:
• The ground receiver is equipped with an isotropic an-

tenna.
• All multipath components arrive at the receiver with

equal power, i.e all scatterers have the same scattering
coefficient but uniform random phases.

• The incident waves arriving at each scatterer can be
approximated as planar waves, implying that the angle
of arrival (AoA) to each scatterer is the same across all
multipath components. This assumption holds under the
condition of the large satellite-to-ground distance.

• Only multipath signals experiencing a single bounce due
to scatterers nearby receiver are considered.

B. General 3-D Autocorrelation Function

Consider a static receiver in an environment where a trans-
mitted signal reflects off numerous nearby (to the terrestrial
receiver) scatterers, each contributing a ray component as in
Fig. 1. The l-th ray arrives at the receiver with an azimuth AoA
αl, an elevation AoA βl, and a distance rl between scatter
and user. The radial instantaneous relative velocity between
the user and the satellite is denoted by v = dD

dt , where D is
the slant distance. The contribution of l-th multipath ray with
delay τl is expressed as:

El(t) = Ale
−j(2πfl(t−τl)+φ̃l) , (2)

where Al = A0g(αl, βl) is the gain, with A0 representing the
amplitude of the incident plane wave and g(αl, βl) represents

Fig. 1: The geometry of satellite-to-ground scatter model

the Rx antenna beamforming. The phase of each ray is random
φ̃l. The frequency shift fl for the l-th ray due to instantaneous
Doppler fd = v

λ may be written as

fl = fd cosαl cosβl (3)

The total received E-field at time t is given by

E(t) =

L∑
l=1

El(t) =

L∑
l=1

Al · e−j(2πfl(t−τl)+φ̃l), (4)

Suppose the smallest delay τ0 = D/c0 is contributed by
the line-of-sight (LoS) ray, where c0 is the light speed. The
relative delay ∆τl = τl − τ0 for l-th path is negligibly small
compared to the symbol duration. Suppose channel is wide-
sense stationary uncorrelated scattering (WSSUS) random
process over time, with scattering components uncorrelated
across distinct paths. Then the autocorrelation function of the
net received E-field is:
RE(τ) = E{E(t) · E∗(t+ τ)}

=
L∑
l=1

L∑
m=1

E
{
AlA

∗
me

j[2πfm(t+τ−τm)+2πfl(τl−t)+(φ̃m−φ̃l)]
}

=
L∑
l=1

L∑
m=1

E{AlA∗mej2π[fm(t+τ−τm)+fl(τl−t)]}E{ej(φ̃m−φ̃l)}

(5)
Given WSSUS, E{ej(φ̃m−φ̃l)} = δ(l −m). Now

RE(τ) =

L∑
l=1

|Al|2ej2πflτ =

L∑
l=1

|A0|2|g(αl, βl)|2ej2πflτ

=

L∑
l=1

|A0|2|G(αl, βl)|ej2πflτ

≈ |A0|2
∫
αl

∫
βl

G(αl, βl) p(αl, βl) e
j2πfdτ cosαl cos βl dαl dβl.

(6)
in the limit that the number of multipath components is large,
where p(αl, βl) represents the joint PDF of AoA. G(αl, βl) =
|g(αl, βl)|2 is the antenna power gain for given direction. With
normalizing |A0|2 = 1, and isotropic antenna that G(αl, βl) =
1, RE(τ) becomes:

RE(τ) =

∫
αl

∫
βl

p(αl, βl) e
j2πfdτ cosαl cos βl dαl dβl. (7)

C. Multipath Scattering Model Geometry

To derive the joint PDF p(αl, βl) for NLoS scenarios in
(6), we introduce a volumetric spatial scatterer distribution
that is uniform in the semi-ellipsoid volume shown in Fig. 2.
The semi-ellipsoid rotates about the y-axis by an angle βele
such that its semi-major axis remains aligned with the LoS
path to the satellite. The user locates at the origin (0, 0, 0)
of the global Cartesian coordinate system (x, y, z), while the
scatters are only in the upper semi-ellipsoid (z > 0). The
rotated coordinate system (x′, y′, z′), obtained by rotating the
global frame, represents the ellipsoid as:

x′
2

a2
+
y′

2

b2
+
z′

2

c2
≤ 1, (8)



where a, b, and c denote the lengths of the semi-major and
the two semi-minor axes, respectively. The transformation

Fig. 2: The proposed semi-ellipsoid scatter model

from the global coordinates (x, y, z) to the rotated coordinates
(x′, y′, z′) is given by:x′y′

z′

 =

 cosβele 0 sinβele
0 1 0

− sinβele 0 cosβele

xy
z

 . (9)

With rl =
√
x′2 + y′2 + z′2, the conversion from Cartesian

coordinate to spherical coordinate:xy
z

 =

rl cosαl cosβlrl sinαl cosβl
rl sinβl

 (10)

The propagation delay τl from satellite to user via a secondary
scattering path is given by:

τl =

√
(D − x′)2 + y′2 + z′2 + rl

c0
=

√
D2 − 2Dx′ + r2l + rl

c0
(11)

Since D >> x′, y′, z, rl,
√
D2 − 2Dx′ + r2l can be

approximated using a Taylor expansion. Rewriting as

D

√
1 +

(
− 2x′

D +
r2l
D2

)
and applying the first-order binomial

approximation
√

1 + ε ≈ 1 + ε
2 with ε = − 2x′

D +
r2l
D2 , we get:√

D2 − 2Dx′ + r2l ≈ D
[
1− x′

D
+

r2l
2D2

]
≈ D − x′. (12)

implying τl = (D−x′+rl)/c0, where D−x′ approximates the
distance between the satellite and the scatterer. The relative
delay ∆τl for the l-th path equals:

∆τl =
D − x′ + rl −D

c0
=
rl − x′

c0

=
rl
c0

[1− (cosαl cosβl cosβele + sinβl sinβele)]

=
√
x′2 + y′2 + z′2 − x′ =

√
x′2 + (

√
y′2 + z′2)2 − x′

(13)

Equation(13) implies that any (l-th) ray reflected by the
scatterers lying on a ring in the y′-z′ plane experiences
the same delay τl, where τl is the function of the radius√
y′2 + z′2 of the ring. The delay τm corresponds to another

scatter ring located at a different distance D−x′ from that of
τl.

D. Maximum Relative Delay and Maximum Building Height

The maximum relative delay ∆τmax occurs at minimum x′

when αl = −π and maximum rl, i.e.

x′ = x cosβele + z sinβele (14)
= rl cosαl cosβl cosβele + rl sinβl sinβele (15)

=
rl
2

[(cosαl + 1) cos(βl − βele) + (cosαl − 1) cos(βl + βele)]

(16)

Then minimum x′min equals −rlcos(βl−βele). Further, max-
imum rl can be obtained by expressing the rotated ellipsoid
in spherical coordinates:[

(cosαl cosβl cosβele + sinβl sinβele)
2

a2
+

(sinαl cosβl)
2

b2

+
(− cosαl cosβl sinβele + sinβl cosβele)

2

c2)

]
r2 = 1 . (17)

The maximum rl in a given direction rmax corresponds to a
point on the surface of the ellipsoid:

rmax(αl, βl) =

[
(cosαl cosβl cosβele + sinβl sinβele)

2

a2
+

(18)

(sinαl cos βl)
2

b2 + (sin βl cos βele−cosαl cos βl sin βele)2
c2

]− 1
2

With (13), the minimum x′ occurs when αl = −π, βl = 0,
represented by the orange dot in Fig. 2:

x′min = − cosβele

(
cos2 βele

a2
+

sin2 βele
c2

)−1/2
(19)

Substituting (19) into (13), maximum relative delay equals:

∆τmax =
1

c0
(1 + cosβele)

[
cos2 βele

a2
+

sin2 βele

c2

]−1/2
(20)

By considering the maximum building height H and (20), a
and c can be solved. Using (10), the location of any point
on the ellipsoid surface in the x′ − z′ plane is given by
(x′, y′, z′) = (a cosβl, 0, c sinβl). The altitude of the point
in the x− y − z global Cartesian coordinate is:

z = a cosβl sinβele + c sinβl cosβele = (21)

=
√

(a sinβele)2 + (c cosβele)2 cos
(
βl − arctan

(
c cos βele
a sin βele

))
The corresponding maximum height is achieved when βl =

arctan
(
c cos βele
a sin βele

)
, given by:

H = max(|z|) =
√

(a sinβele)2 + (c cosβele)2. (22)



Thus the semi-minor axis length c can be written as

c =

√
H2 − a2 sin2 βele

cos2 βele
, 0◦ ≤ βele < 90◦ (23)

Note that as βele → 90◦, a → H and thus c → c0∆τmax. By
giving the H and ∆τmax the length of semi-major/semi-minor
axes a, c can be determined using (23) and (20). Finally, the
length of semi-minor axes b can be obtained for a specified
RMS delay spread.

στ =
√
E [(τl − τ̄)2] =

1

c0

√
E [(rl − x′)2]− E [rl − x′]2.

(24)

E. RMS Delay Spread

We next derive the RMS delay spread statistics for our
model. The volume of scatterer semi-ellipsoid equals 2

3πabc,
hence the uniform PDF of scatterers over the half volume
is f(x′, y′, z′) = 1

V = 3
2πabc . The Jacobian matrix J for

coordinate conversion from (x′, y′, z′) to (rl, αl, βl) equals
J = ∂(x′,y′,z′)

∂(rl,αl,βl)
, resulting in the absolute value of its determi-

nant |J | = r2l cosβl, straightforwardly. Using (13), the mean
of rl − x′ equals:

E [rl − x′] =
1

2
3πabc

∫
V

(rl − x′)dV (25)

=
1

2
3πabc

∫ 2π

0

∫ π
2

0

∫ rmax

0

rl [1− (cosαl cosβl cosβele

+ sinβl sinβele)] r
2
l cosβl drl dβl dαl (26)

=
3

8πabc

∫ 2π

0

∫ π
2

0

[1− (cosαl cosβl cosβele (27)

+ sinβl sinβele)] cosβl · r4max(αl, βl) dβl dαl.

The second moment of rl − x′ is:

E
[
(rl − x′)2

]
=

1
2
3πabc

∫
V

(rl − x′)2 dV (28)

=
1

2
3πabc

∫ 2π

0

∫ π
2

0

∫ rmax

0

[rl − rl (cosαl cosβl cosβele

(29)

+ sinβl sinβele)]
2 · r2l cosβl drl dβl dαl

=
3

10πabc

∫ 2π

0

∫ π
2

0

[1− (cosαl cosβl cosβele

+ sinβl sinβele)]
2 · cosβl · r5max(αl, βl) dβl dαl. (30)

F. Implementation Flow of S2G channel model

The ellipsoid scatter model at given βele is driven by the
RMS delay spread, H, max relative delay, which are defined
in (24), 23, 20. The flowchart in Fig. 3 illustrates the process
of deriving a final Tapped Delay Line (TDL) channel model.
In this paper, we derive the PSD of the received signal based
on semi-ellipsoid scatter model characterized by joint PDF of
scatterer distribution in AoA azimuth and elevation. The code

Fig. 3: Flowchart of channel model implementation

used in generating the PSD results can be obtained @ Github
repo below2.

Example: The semi-major and semi-minor ellipsoid lengths
a, b, c can now be found, given H , RMS delay spread and
max relative delay and is shown in Fig.4. For convenience in
subsequent computation, the max relative delay is set at the
value that keeps a and b in constant ratio b = a

√
1− 0.82 =

0.6a. Based on the ray-tracing model [9] and measurement
results [10], the cumulative distribution function (CDF) of
RMS delay spread for LEO-to-ground channel in NLOS urban
environments is shown to range from 30 ns (min) to 250 ns
(max). However, the trend for RMS delay spread as a function
of βele is not specified. Guidance for this can be developed
via statistical analysis of the delay spread model in [11] [12].
The mean and standard deviation of delay spread decrease
as βele depending on the scattering environment and carrier
frequency. This reduction is rapid at low elevation angles
but slower at mid-to-high elevation angles. The realization
of RMS delay spread in Table I at given βele is used for
numerically computing a, b, c at 1◦ interval of βele with linear
interpolation.

Elevation Angle (°) RMS Delay Spread (ns)
0 250
10 183.7667
20 125.1762
30 85.4138
40 63.7133
50 50.0438
60 40.9588
70 34.9798
80 31.5052
90 30

TABLE I: RMS Delay Spread vs. βele

G. Azimuth and Elevation Angle - Joint & Marginal PDF

With the a, b, c obtained in III-F, the joint PDF can be
computed. The joint PDF in range, azimuth, and elevation
planes is given by

f(rl, αl, βl) = r2l cosβl f(x′, y′, z′) =
3r2l cosβl

2πabc
. (31)

Integrating over rl yields the joint pdf at given βele:

p(αl, βl) =

∫ rmax

0

f(rl, αl, βl) drl =
r3max(αl, βl) cosβl

2πabc
.

(32)

2https://github.com/jessest94106/NTN Channel Model.git



Fig. 4: Length of a/b/c with given H = 65 meters, RMS delay
spread and max relative delay

The marginal PDFs of azimuth and elevation AoA are
obtained by integrating (32) over the complementary variable.
In Fig.5. With ∆τmax as defined in Sec. III-F, the AoA PDF
peaks at αl = 0◦ and αl = 180◦ when the elevation angle
βele = 0◦. The elevation AoA PDF peaks at βele = 0◦

implies that most signal propagation is horizontal given the
truth that βele = 0◦. As the βele increases, the multipath
contribution becomes more uniform horizontally, causing the
azimuth AoA PDF to gradually flatten. Meanwhile, the peak
of the elevation AoA PDF shifts toward higher elevation
angles, due to stronger vertical multipath contributions from
tall buildings.

Fig. 5: p(αl) and p(βl) at a given elevation angle.

H. General PSD

To further discuss the relationship between PDF and PSD,
the variables in (6) are substituted with u = cosαl ∈ [−1, 1]
and v = cosβl ∈ [0, 1]. With the corresponding derivatives
dαl = − du√

1−u2
and dβl = − dv√

1−v2 , the joint PDF from (32)
in (u, v)-space becomes:

pu,v(u, v) = p(arccosu, arccos v) · 1√
1− u2

√
1− v2

(33)

The PSD is given by the Fourier transform of RE(τ) in (7):

S(f) =

∫ ∞
−∞

RE(τ)e−j2πfτ dτ

=

∫ ∞
−∞

[∫
u

∫
v

pu,v(u, v)ej2πfdτuv du dv

]
e−j2πfτ dτ

= 2π

∫
u

∫
v

pu,v(u, v)δ (2πfduv − 2πf) du dv (34)

Let g(v) = 2πfduv − 2πf , so g′(v) = 2πfdu, and v = f
fdu

when g(v) = 0. Using the delta function property:∫
v

pu,v(u, v)δ(g(v)) dv =
pu,v

(
u, f

fdu

)
|g′(v)|

=
pu,v

(
u, f

fdu

)
|2πfdu|

(35)
Thus:

S(f) =

∫
u

pu,v

(
u, f

fdu

)
|fdu|

du , (36)

which shows that the final PSD only depends on the given
joint PDF pu,v(u, v). It shows that the PSD can be understood
intuitively through the given joint PDF.

IV. PSD OF THE PROPOSED CHANNEL MODEL

Based on the PDF in Sec.(III-G), the PSD is numerically
computed in MATLAB using (34). The MATLAB trapz
function is employed with 1000 grid points for numerical
integration, while the PDF is evaluated using the integral
function. For simplicity, both the PSD and frequency are
presented on a normalized scale.

The elevation angle βele ∈ [0◦, 90◦] yield fd > 0, while
βele ∈ [90◦, 180◦] lead to fd < 0 and are plotted as solid
(dashed) lines in Figure 6, respectively. When βele = 0◦,
multipath components are centered at azimuth angles of 0◦

and 180◦ for the AoA. Given that the Doppler shift frequency
of the incident wave is proportional to cosαl ·cosβl as per (3),
the resulting PSD exhibits higher values at the edges compared
to Aulin’s symmetric U-shaped PSD [3]. Since D � rl, the
delay spread ∆τl ≈ (rl − x′)/c0. The farthest scatterer from
the satellite (x′min < 0) corresponds to the maximum delay
spread ∆τmax. The AoA of scatterers corresponding to maxi-
mum delay spread ∆τmax is non-isotropic; more scatterers are
located in the azimuth angle range αl ∈ [−90◦, 90◦], resulting
in an azimuth AoA PDF concentrated within [−90◦, 90◦]. It
leads to more multipath components with cosαl > 0 while
cosβl ≥ 0, contributing to positive fl = fd cosαl cosβl.
Thus the PSD skews toward positive frequencies as βele <
90◦. If the scatters corresponding to maximum delay spread



∆τmax are isotropic, which occurs when D 6� rl, i.e. the
terrestrial scenario, it reduces to uniform spherical scatterer
model assumptions as in Aulin’s [3] and Janaswamy’s [4].
When βele → 90◦, the vertical distribution of multipath
components increasingly dominates the PSD. The azimuth
AoA PDF becomes progressively uniform while the peaks of
elevation AoA PDF shift toward higher βl. Consequently, at
βele = 90◦, the PSD exhibits peaks at both the center and
the edges. Finally note that for βele ∈ [90◦, 180◦], as the
satellite moves away, the PSD is the symmetric flip of PSD
with βele ∈ [0◦, 90◦].

Impact of Azimuth PDF Truncation: Special cases of PSD
occur when the azimuth PDF support is truncated, which may
result from asymmetries in spatial distribution of scatterers
(buildings) or in Rx antenna pattern. The discontinuous U-
shaped PSD, first analyzed in [7] for a 2-D case with uniform
and truncated azimuth AoA PDFs, has the discontinuity posi-
tion governed by the azimuth PDF boundary. In [6], a discon-
tinuous U-shaped PSD was observed in the LEO downlink, but
its dependence on βele remains unclear. While [7] provides a
2D example with αl ranging from 0◦ to 270◦, a 3D PSD exam-
ple with varying βele is shown in Fig. 7. The discontinuity at
fl/fd = 0 with the PSD for f = 0+ being lower than f = 0−

occurs because scatters within αl ∈ [270◦, 90◦] contribute

Fig. 6: PSD at different elevation angles

Fig. 7: PSD at given elevation angle with αl ∈ [0◦, 270◦]

to fl > 0 while scatters within αl ∈ [90◦, 270◦] contribute
to fl < 0. By limiting αl to [0◦, 270◦] excludes scatterer
contributions from the [270◦, 360◦] quadrant, removing some
of the multipath components with positive fl. At low βele,
the azimuth AoA PDF is concentrated at αl = 0◦, causing
more Doppler frequencies to be centered at fl/fd = ±1.
Consequently, when βele = 0◦, most multipath components
are centered at fl/fd = ±1, resulting in a minimal PSD
difference across the discontinuity at fl/fd = 0. As βele
increases, the azimuth AoA PDF flattens, shifting more |fl|
toward 0, which increases the PSD discontinuity at fl/fd = 0.

V. CONCLUSION

This paper introduces a novel geometry-inspired LEO S2G
downlink channel model for NLoS environments, focusing on
how scattering and satellite geometry shapes resulting Doppler
and the PSD. Our semi-ellipsoid scatter model derives joint
AoA PDFs as functions of βele and captures how PSD varies
with elevation angle. The discontinuous azimuth PDF model
reveals its impact on the PSD across varying βele. The PSD
will be further developed into a time-domain channel model
using the flowchart presented in Fig. 3, as future work.
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